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ABSTRACT 
We construct examples of bicrossproducts and double cross products of 
quantum groups A(R) associated to general matrix solutions R of the Quan- 
tum Yang-Baxter Equations. We also describe iterated double cross products 
of quantum groups. In the course of  constructing A (R) we are led to introduce 
a suitable notion of mutually dual Hopf algebras and a dual quantum group 
O(R). 

Introduction 

Hopf algebra bicrossproducts H1 •//2 for general Hopf algebras HI, HE 
were introduced in [M 1, Section 3.1 ] in connection with the author's approach 
to quantum mechanics combined with gravity [M]. The case when H1 is 
cocommutative and /-/2 is commutative was also introduced previously 
and independently in [Sing] in connection with a general theory of exten- 
sions. In this case a pair of Hopf algebras (HI,//2) is called Abelian [Sing]. 
This Abelian case was also used by [Tak] to show that certain Hopf algebras 
of Taft and Wilson were of this bicrossproduct (or "bismashproduct") form. 
In the present paper we give further examples of the non-Abelian theory of 
[M1], as well as examples of related double cross products. The theory is 
recalled in Section 1. A technical notion of weak Hopf algebras with weak 
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antipodes is also introduced in Section 1 and is based on a notion of dually 
paired Hopf algebras. These constructions provide the abstract setting for our 
examples. 

Section 2 constructs the class of Hopf algebras or weak Hopf algebras H~,//2 
which will form the basis of our examples. They are motivated by con- 
structions in physics coming under the heading quantum groups [Dri], 
[FRT], [M2]. In this literature there is a well-known construction of bialgebras 
A(R) from matrices R obeying a certain matrix equation, the Quantum 
Yang-Baxter Equation (QYBE) [FRT]. We use the results of Section 1 to 
obtain instead actual Hopf algebras or weak Hopf algebras A(R). The con- 
struction works for general sufficiently regular R. We illustrate the con- 
struction on a non-trivial example: The tensor algebra on matrices, TM,(k), 
is a self-dual weak Hopf algebra of this type. Unlike the quantum groups in 
the literature, this example is not associated to quantizations of Lie groups or 
Lie algebras. 

In Section 3 we are finally able to construct examples ofbicrossproducts and 
double cross products based on the weak Hopf algebras of Section 2. The 
double cross products focus on examples motivated by a finite dimensional 
construction of Drinfeld arising again from physics, the quantum double [Dri]. 
They take a very simple form in terms of "matrix multiplication", fully 
justifying the use of the terms quantum matrices for A(R) and quantum 
(matrix) groups for A(R). We also construct an iterated sequence of double 
cross products that are not of quantum double type. This sequence makes an 
unexpected connection with the parametrized Quantum Yang-Baxter Equa- 
tion. 

In the concluding remarks we show briefly how to include "cocycles" (X, g) 
in the non-Abelian bicrossproduct theory. They can be interpreted as elements 
of  some kind of "non-Abelian cohomology" H3(H1,//2) as a non-Abelian 
version of [Sing]. The search for examples of these cocycle bicrossproducts is 
therefore an interesting direction for further work. 

For coproducts A, right actions and left coactions we shall frequently 
adopt the notations A(h)=h(1)~h(2), a®h w.~ a,~h, h ~ hO)®h(~) etc. 
Summations here are left understood. H °p denotes H with the opposite 
algebra structure, while H °~ denotes H with the opposite coalgebra struc- 
ture. "Hopf algebra" means with antipode. Also, elements of/-/i  will be 
denoted by h, g, f , . . .  and elements of H2 by a, b, c . . . . .  Thus e(h) means 
en,(h) etc. k denotes an arbitrary commutative ground field. M,(k) denotes 
n × n matrices with values in k. If u is a matrix, uJ denotes the entry at 
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row i, column j .  z denotes the twist map on various spaces and id the linear 
identity. 

1. General constructions 

Let H l and H2 be Hopf  algebras over k. We briefly recall the construction of 
bicrossproducts and double cross products from [M 1, Section 3]. After this we 
give some new constructions needed in the paper. 

PROPOSITION 1. l [M1, Theorem 3.3]. Let 1t2 be a right H~-module algebra 
by ~, Ht a left H2-comodule coalgebra by fl obeying the compatibility conditions 

e(a ,~ h) = e(a)e(h), A(a <~ h) = (at,) <~ ho))h(2)(l)(~a(2) <] hi2) (~) (A) 

fl(1) -- 1 ~ 1, fl(hg) = (h (I) <3 g(l))g(2)(l)~hO)g(2) (~) (B) 

h(i)d)(a ,q hi2))~)h(l) ~2) = (a <~ h(i))ht2) (i) ~)h(2) (2) (C) 

for all h, g E 111, a ~ 112. Then the linear space H, ® H2 endowed with the smash 
product algebra by a and the smash coproduct coalgebra by fl is a Hopf  algebra. 
It is denoted HI PM~ H2, the bicrossproduct (or "bismashproduct") Hopf algebra. 

In our notation, the lowered a denotes an action while the raised fl denotes a 
coaction. If  H~, H2 are merely bialgebras the bicrossproduct makes sense as a 
bialgebra. Bicrossproducts are characterized abstractly in [M 1 ] in terms of the 
universal properties of smash products and smash coproducts. They are also 
extensions of (Hi, H2) in the sense of [Sing]. The bicrossproduct data 
(H~,/72, a, fl) can also be used to construct a Hopf  algebra structure on the 
convolution algebra Horn(Hi,/-/2). In the finite dimensional case, this can be 
expressed as a construction on H* ~ H2. We denote its dual Hopf  algebra by 
H~ p.t~. H* where a*, fl* are now actions obtained by suitably dualizing a, fl 
[M1, Proposition 3.13]. This is an example of a double cross product: 

PROPOSITION 1.2 [M1, Section 3.2]. Let HI, H2 be Hopf algebras over k. Let 
a be a left Hi-module coalgebra structure on 112, and fl a right Hz-module 
coalgebra structure on HI such that 

ht> ln2ffien~(h)ln~, ht> (ab)=(h(i)t> a(~))((h(2) ~at2))t> b) (A) 

ln, "q a = ln, tn,(a), (hg) <~ a = (h <1 (go) t> ao)))(g(2 ) ,q a¢2)) (B) 

h(l) 'q a¢~)® h(2 ) D a(2 ) = h(2 ) <] a(2 ) ~ h(i ) D ao) (C) 

for all h, g ~H~, a, b ~H2. Here an(a) = h t> a and fl~(h ) = h <1 a denote the left 
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and right module coalgebra structures. Then the linear space H~ ® H~ has a 
Hopf algebra structure denoted H~ pN~ //2, the double cross product. 

Explicitly, the Hopf  algebra structure is 

(h@a)(g@b)=(ht2)<lbtz))g@a(htl)t>b(o), 1 = 1®1,  

A(h ®a) = h{x)®a{1)~ h~2)®a~2), e(h ~ a )  = e(h )e(a), 

S(h ®a) = (Sh ® 1)(1 ®Sa). 

We also say that (H~,//2, a, fl) obeying these equations (A)-(C) of Proposition 
1.2 constitute a matched pair. If  Hi, /-/2 are merely bialgebras, then so is 
H~ pN,/-/2. The double cross product has a characteristic factorization property 
[M1]. In particular it contains both H~,/-/2 as subhopf algebras, and the map 
H2 ® H1---, H~ pN, H2 : a ® h ~ ah is bijective. 

If  H is any (not necessarily finite dimensional) Hopf  algebra with bijective 
antipode, we showed in [M1, Section 4] how to construct a bicrossproduct 
H~°,N,d,H°P. Here a = a d , ,  fl = co, are respectively the adjoint action and 
adjoint coaction induced by the linear identity map t : H----H °p. According to 
the above remarks, if H is finite dimensional we also have a related double 
cross product H ~  Nadr H *°~. Here H *°~ is the dual Hopf  algebra with opposite 
coproduct. We identified this in [M I, Section 4] as D(H), the quantum double 
Hopf  algebra of Drinfeld. This quantum double D (H) is an important  example 
arising in mathematical physics [Dri] but so far is limited to H finite 
dimensional. This completes the review of [M 1 ]. 

The remainder of this section consists of new results that will be needed for 
the examples of the paper. The results include a novel notion of  dual bialgebras 
or Hopf  algebras in the form of dual pairings (needed in Section 2), and an 
application of this to construct infinite dimensional double cross products 
analogous to D(H) (needed in Section 3). 

DEFINITION 1.3. Two bialgebras or Hopf  algebras H~,//2 are said to be 
dually paired if there is a bilinear map ( , ) : H~ ®//2  ---" k such that 

(hg, a ) = ( h ~ g ,  Aa), (1,a)=e(a), (Ah ,a®b)=(h ,  ab), (h, 1)=e(h) 

and in the Hopf  case ( Sh, a ) = ( h, Sa ) for all h, g E H1, a, b E H~. They are 
said to be mutually dual if the pairing is non-degenerate. This means that 
(h,  a ) -- 0 for all a E H: implies h = 0, and (h, a ) = 0 for all h ~ H~ implies 
a = 0 .  
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PROPOSITION 1.4. Let H~, 112 be dually paired bialgebras (or Hopf al- 
gebras). Let 

K l = ( h E H t l ( h , a ) = O  Va~H2) ,  K~=(a~H~l(h,a)=O VhEH1} 

(the kernels of  the pairing). Then K1, K2 are bi-ideals and H~/K~ and H2/K2 are 
mutually dual bialgebras (or Hopf algebras ). 

PROOF. The proof is elementary and is omitted. 

Note that ifH~,/-/2 are mutually dual, the maps h ~ (h, ) and a ~-~ ( , a ) 
each define canonical algebra inclusions H~ __ H* and Hz __ H*. In the finite 
dimensional case this implies that H~ = H*. So the notion of mutually dual 
Hopf algebras is a generalization of finite dimensional duality. 

DEFINITION 1.5. Dually paired bialgebras H~, H2 are said to possess weak 
Jn I Jn 2 

antipodes if the canonical maps//1 , H~' and Hz , H* defined by the 
pairing are invertible in the convolution algebras Hom(H~,H~') and 
Hom(H2, H*) respectively. These inverses, the weak antipodes, will be 
denoted by Sn,, Su, (or simply S). 

LEMMA 1.6. Let H~, H~ be dually paired bialgebras. (i) I f  one of  the weak 
antipodes exists then by dualizing, so does the other and is necessarily com- 
patible in the sense (Sh)(a) = (Sa)(h) for all h E Ill, a ~ Hz. (ii) I f  weak 
antipodes exist, they obey 

S(hg)=(Sg)(Sh), S1 = 1, (Sh)(ab)=(Sh(z))(a)(Sho))(b), (Sh)(1)= (h, l) 

for all h, g~Hl ,  a, b EH2, and similarly for the weak antipode on 112. (iii) I f  
H~, H2 are mutually dual with weak antipodes, H~ has an ordinary antipode 
iff S(HO is contained in the image of  H~ c_ H*, in which case (Sh)(a) = 
(Sh, a). Similarly for H2. For example, in the finite dimensional case, 
mutually dual bialgebras with weak antipodes are just ordinary dual Hopf 
algebras Ill = H*. 

PROOF. (i) If Sn, : H~ ~ H~ is a weak antipode for H~, then define Sn2 to be 
S*, precomposed with the canonical inclusion//2 __. H~'*. (ii) The proof is 
similar to the usual proofs for an ordinary antipode [Swe]. Use associativity in 
the convolution algebra Hom(Hl, H~®H~) etc. (iii) is elementary. These 
observations justify the term "weak antipode". 

Dually paired bialgebras with weak antipodes are therefore called weak Hopf 
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algebras. In this context we are now able to state the generalized quantum 
double construction. 

THEOREM 1.7. Let HI, H2 be dually paired bialgebras with weak antipodes. 
Then (H1, H~ p) is a matched pair. The actions are 

ahO(a)) = t(a(2))((Sn~ao))jn~(a(3)))(h ), fl,(a)(h ) = ha)((Sn,h(o)jn,(h(3~))(a) 

V h ~ H~, a ~ 1-12. Here z : 112 ~ H~ p is the linear identity. We call a matchedpair 
of  this form a matched pair of  coadjoint type, and H~ B ~  H~ p the associated 
double. Explicitly, the structure of  the double is 

(h ~ t(a ))( g ~ t( b )) = (Sho))( bo))ht2)g ~ z(a )l(bt2))( h(3), be3)), 

h,g~H~,  a, b UH2. 

I f  the weak antipodes descend to the quotients, we also obtain a double 
Hi~K, lxl (HJK2)°L 

PROOF. This follows from direct computation using Lemma 1.6 to check 
that the stated a, fl are indeed module coalgebra structures and that axioms 
(A)-(C) in Proposition 1.2 hold. Note also that in the finite dimensional case 

H t = H ,  H2=H*, the double is Hpt~H*°P~--HcorNadrH*°~-D(H), the 
quantum double. The first isomorphism here is given by the antipode on H 
viewed as a linear map S : H *°~ ~ H *°p. 

2. Construction of.4(R) 

In this and the next section, the following notations will be useful. If 

R EMn(k)®Mn(k), we let Rab denote R embedded in Mn(k)®Mn(k) . . .  
@M~(k) in the a, b position and 1 elsewhere. I fA  is an algebra, Mn(A)= 
M~(k)@A denotes n × n matrices with entries in A. If u, v~M~(A), uvE 
Mn (A) is the usual product (i.e. matrix multiplication and multiplication in A). 

We shall need to work with tensor products separately in A and M~(k). We use 

¢~ to denote tensor product in A, and ~ for tensor product in M~(k). Thus 

u ¢~vEMn(A @A) (matrix multiplication in M,(k) and tensor product in A), 

while u~vEM~(A)~M~(A)= M~(k)®M~(k)®A (tensor product in Mn(k), 
multiplication in A). Finally, we denote N- fold ~ powers of M~ (A) as M~(A). 
We denote the various embeddings M~(A)~----,M~(A) by u~--> u a =  
1 ~ 1 . . . ~ u . . . ~ 1  (u in the a ' th  position). Thus ulu2 = ( u ~ l ) ( l ~ u )  = u®u. 
This is generally not the same as u2ul = (1 ~u ) (u  ~ 1), unless A is commutative. 
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The notation is motivated from mathematical physics and constitutes a useful 

"quantum matrix algebra". 
The Quantum Yang-Baxter Equation (QYBE) for R ~M~ (k) is the matrix 

equation 

RI2RI3R23 = R23RI3RI2 ( Q Y B E )  

in M~(k). R is called invertible if it is invertible as a matrix. We shall also 

require a further regularity condition below. In this section, we associate to 
each invertible regular solution R of the QYBE a pair of  Hopf algebras A(R) 

and U(R). The first step of the construction, to obtain a bialgebra A (R), is well 
known; see [FRT] where also the relations that we use in ~7(R) below were 

identified in their study of the dual ofA(R).  The rest of  the general construc- 
tion is new but recovers well known "quantum groups" such as SL,(2) and 

Uq(Sl2) for particular choice of R; cf. [FRT]. Previously, the additional 
relations (such as "quantum determinants") needed to obtain Hopf algebras 

from A (R) were known only for these particular choices of R, being introduced 
in an ad-hoc manner. 

The bialgebra A (R) is defined as the free non-commutative algebra over k 
generated by l and n 2 indeterminates u E M,(A (R)) modulo the relations 

Rutu2---- u2ulR. 

Here and throughout the paper we regard these n z generators together as a 

matrix of generators. In this notation, A (R) becomes a bialgebra with 

Au = u @ u ,  eu = 1EM,(k) ,  

extended as algebra maps to A(R). A (R) is called the bialgehra of quantum 
matrices associated to R. Note that u @ u involves matrix multiplication so 
that for n > 1 the bialgebra is generally both non-commutative and non- 
cocommutative. 

Motivated by [FRT], we also define a bialgebra U(R) as the algebra 
generated by 1 and 2n z indeterminates l+, l-EMn(lJ(R)) modulo relations 

l~-l~-R = Rl~-l +, l;-l;R = Rl2l{-, l;-l~-R = RlZl;-. 

It is also a bialgebra with 

A / + = l  +®l +, A l - = l - ® l - ,  el +-=1. 

We shall see in Section 3 that U(R) is in fact a double cross product of  two 
copies of A (R)°P. 
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PROPOSITION 2.1. Let R be an invertible solution o f  the QYBE.  The 
bialgebras A (R ) and O(R ) are dually paired by 

(u, ,13+)=R, (ul, l~ - )=z (R  -~) 

(cf. [FRT]). Here r denotes the twist map on M2(k). Consequently from 

Proposition 1.4 we have mutually dual bialgebras 

A(R)  =A(R)/K~, U(R) = U(R)/K2. 

We call .4(R ) the quantum matrix group associated to R and O(R ) its dual. 

PROOF. It can easily be checked that the pairing is well defined when 

extended as an algebra map in each input and in such a way that the pairing 

holds. Thus, for example, 

RI2(UlU2, 13 + ) = R I 2 ( u  I ~ U2, Al3+ ) = Rl2(U I ~ U2, /3+ ~ / 3 + )  = R12R13R23 

while (u2u,, 13+ )R12 -- ( u 2 @ u 1,/3+ ~/3+ )R12 = RE3RI3R12. This observation was 
effectively first made in [FRT] who identified the relations that we have used in 

0(R)  as among the relations satisfied in a dual ofA (R). The proposition then 

follows as a corollary of Proposition 1.4. 

PROPOSITION 2.2. Let R be an invertible solution o f  the QYBE.  A(R),  

U(R ) constructed above, possess weak antipodes. They are defined by 

(SUl)(12 +) = (Sl3+)(Ul) = R -  1, (Sul)(lf ) = (Slf-)(u,) = z(R). 

I f  these weak antipodes descend to ordinary antipodes on A(R ), O(R ), we say 
that R is regular. 

PROOF. Here the S shown are extended as antialgebra maps to all ofA (R) 

and 0(R). It is easy to check, as for Proposition 2.1, that extension as algebra 

maps is well defined. Let j :  A(R)  --, U(R)* be the canonical map. Then, 

j(u,)(SuO(13+ l~ . . . l~v ) = (j(uO ® SuO(AI + " " " lTv ) 

= (u,, 13+13+... l~, )(Su,)(l+13+ . . .  l + ) 

= RI2R13" " "RlivRTu l ' "  " R i l  I = IM.M(k) = 8(Ul)( 1, l+13+ • • "l~ ). 

Similarly for the other facts. Note that what is required of the antipode on 
A(R)  is uSu = (Su)u = 1 ~M,(A(R)) .  Thus Su is precisely the inverse, u -~, for 

the product in M,(A(R)).  Formally, A(R) (and hence ,4(R)) have such an 

inverse, given by the formal power-series Su = Z~=0 (I - u) u (cf. the formal 
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inverse in M~ (k)). By contrast, the weak antipode on A (R) and its projection 
on .4(R) corresponds to an explicit formula for the inverse (cf. the formula for 
inversion of 2 X 2 matrices of unit  determinant). The weak antipode on U(R) 
is similar. 

Also, it can be shown by similar computat ions that U(R) is essentially 
quasitriangular in the sense of [Dri]. Indeed, this notion can be made precise in 
the context of dually paired bialgebras H~,//2 as the existence of an antialgebra 
and coalgebra map ~ : H ~ - ' H 2 ,  invertible in the convolution algebra 
Hom(Hx, H2) and such that A 1 a = ~ . A 2 a . ~  -1 for all aEH2. Here 
Ala,A2a:HI- 'H2 are defined by (A~a)(h)=(a(o,h)a(2) and (A2a)(h)= 
ao)(a(2 ), h ). In the finite dimensional mutually dual case this is equivalent to 
//2 quasitriangular. For the above example the required map ~ : A (R) --  U(R) 
is ~ ( u )  = l +. For sufficiently nice R this descends to the quotients .4(R) and 
U(R) (so in this context we say that R is regular if the weak antipodes and 
descend). An application of these results to physics is in [M2]. 

EXAMPLE 2.3 (R = 1@1). If  R is the identity in M2(k), then A ( R ) ~  
k(M~(k)), the commutat ive algebra of polynomials in //2 variables, and 
.4(R) = k. Likewise U(R) = k. This R is regular. 

EXAMPLE 2.4 (R = z). If  n > 1 and R = z, the twist map k n ~ k  n --  
k" ® k ~, then A ( R ) =  A(R)~-- TMn(k), the free algebra generated by 1 and//2 
indeterminates u with no relations. We learn from the above that this is a 
bialgebra with Au = u ~ u and, moreover, has a weak antipode. U(R) 
TM,(k) also (and is quasitriangular). Let A(R) and U(R) be graded by the 
degree in the generators. Then the weak antipode on A(R) is defined by 

(Su)(a) = (u N, a) 

for all a ~ U(R) homogeneous of degree N. Similarly for the weak antipode on 
U(R). 

PROOF. r implements the twist map on M~(k), so zu~u: -~ = u2u~. Hence 
the relations in A(R) in this example are empty. As a matrix in M~(k), z is 
symmetric under the twist on M2(k). Hence t + - l - E K 2 .  Let U ( R ) =  
U(R)/{I + -  l-}.  Then both A(R) and U(R) are the free algebra on n 2 
generators, u = {u] }~j_ ~ and 1 = {/k}~s_~ respectively. We have to show that 
the pairing between A (R) and U(R) is now non-degenerate. Explicitly writing 
the matrix entries, the pairing is 
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l k l  l k2  <u,':uj:. . .u;:, , , ,  

[ ~j,,,. . .~i, .~k, . . . x k . - . x k . - ~ + ,  k. 
t ,  l u t q u + t  c,IM t , j ~  • "  " t~ j t  , Q 

• V l s  t ' j u  • . . t , j t  , 

Ix ~/u uJN+ t t,j,,, - J r  , 

M < N  

M = N  

M > N  

where J is the identity matrix. Using this, it is easy to see that for any given N 
the elements 

= . . l k . v l J ' N °  J~ 
J [ " ' J ' ~  l~ li~_, "i,  " kt  , e(N)il...i~ • "" lk,, i[ q! {kl, kl , ' "  ", ks} 

(choose any such ki for given i', j ') have zero pairing with all h E A (R) of degree 
< N and 

, ,  J ; "  "& it . ,~t~,,~ii. J'M ( u j ; ,  = 

on the subspace of A (R) homogeneous of degree N. Now suppose c ~/(1 has 
finite top degree, say c = CN + CN- ~ + " " • + CO (with Ci homogeneous of degree 
i). By choosing the vectors e(N), which pair only with CN, we conclude 
(CN, e(m) = 0. But e(N) are a basis for the dual space of the subspace of elements 
homogeneous degree N. Hence CN = 0. Hence by induction there are no non- 
zero elements of finite top degree. Similarly K2 is trivial and 0(R)  = U(R) .  The 
definition of S in Proposition 2.2 is (Suj)(l~ t . .  . /~")= J~NJ~tJ~...k~_,. This 
coincides with (uN, I~ t . .  .l~"). It is also easy to compute similarly that 
(u ~+~, a ) =  (1, a)  for all a ~ 0(R)  homogeneous of  degree N, so that S u  

should indeed be thought of weakly as u -  ~ under matrix multiplication. 
Between these extremes there are many solutions R of  the QYBE. Many of 

these, see e.g. [Resh], involve a parameter q ~ k*, and are regular. Moreover, 
the corresponding antipode is bijective. For example, 

q 0 0 1 

R - - q - U 2  0 1 q _ q - i  
0 0 1 ~ M 2 ( M 2 ( k ) )  = M 2 ( k )  

0 0 0 

(we suppose q has a square root in k) leads to the Hopf  algebra SLq(2) with 
antipode explicitly given by 

( U 2 -- q u ~  
Su  = _ q - l u  2 u~ / '  
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which is bijective. For these R, as q -~ 1 the associated Hopf algebras reduce to 
the commutative Hopf algebras generated by matrix elements of the defining 
representations of matrix groups. Hence the name "q-analog matrix group" or 
"quantum matrix group" for A(R). 

3. Bicrossproducts and double cross products A (R) and A(R) 

In the preceding section we have obtained infinite dimensional Hopf 
algebras or weak Hopf algebras associated to sufficiently regular solutions R of 
the Quantum Yang-Baxter Equations. Since these are generally non-commu- 
tative and non-cocommutative they provide non-trivial examples of the class 
of bicrossproducts of the form H ~°, [~ad, H°P described in Section 1: 

PROPOSITION 3.1. Let R be a regular invertible solution of  the Q YBE so that 
A(R ) is a Hopf algebra. We suppose that the antipode S is bijective. Let A(R) °p 
denote A (R ) with the opposite algebra. We denote its generators v ~ Mn (A (R )°P) 
and the linear identity map A(R ) - -A(R  ) °p by l. Then 

= i ( u 2 ) v l t ( S - l u 2 ) ,  = ® 

define a non-Abelian bicrossproduct A(R)PN~d(R) °p. Here a, fl are ad,, co, 
induced by i and U(I) ® U(2) ® U(3 ) = U ® U ® U. 

PROOF. Explicit formulae for ad,, co, are given for arbitrary H with 
bijective antipode in [M1]. The above are then immediate for H =A(R).  
Explicitly in terms of the matrix entries, a, fl are auj(vk)= 
Xm z(u~ )v k, l (S-lug) and fl(uj) = Zm,.m2 l(U~,)i (S -~U;'2) ® Um'. 

This example demonstrates the beginnings of a "non-commutative algebra- 
valued" or "quantum" matrix calculus. The action a is like the adjoint action 
of invertible matrices, but intrinsically "non-commutative" in that it is trivial 
if,4(R) is commutative. The following related double crossproducts develop 
this similarity with matrix multiplication much further. 

In the remainder of this section we are going to give examples of infinite 
dimensional double crossproducts involving A (R) and A(R), with the finite 
dimensional quantum double as a model. Firstly however, we find that U(R), 
introduced in Section 2, is a double cross product. 

THEOREM 3.2. Let R be an invertible solution of  the QYBE and A(R) the 
a~sociated bialgebra of  Section 2. Then (A (R), A (R)) are a matched pair of  
bialgebras and A(R)aN~A(R)~--O(R) °v. Likewise, (A(R)°P,A(R) °p) are a 
matched pair and A (R )°P pM~ A (R)°P ~-- U (R ). Explicitly, let w and v denote the 
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matrix generators of  the respective copies of A(R ) °v. Then the actions for this 
case are 

~(v~) = R -lv~R, 

extended as a matched pair. 

PROOF. The cases of A(R) and 
A(R)°P=A(R-I)=A(z(R))) .  We give 

/L,(w9 = R - tw2R 

A(R) °p are strictly analogous (as 
the proof explicitly for the latter. 

A(R) °v is the free algebra on n 2 generators, say w with relations WIW2R = 

Rw2wt. We must check that a, fl respect such relations. (l)  First we check that a 
extends as an action ofA(R)  °p, 

W2w3R23 ~> V 1 = W 2 ~> R~ IVlRI3R23 = R~3 t R ~  lvtR12Rt3R23 

= R~ IRG lvIR23RI3.R12 = R~31R~2 IR23vlRI3R12 

= R23R~ IR~3 IviRl3R12 

= R23w3 ~> R~IvIR12 = R23w3w2 ~ vl 

as required. We used the QYBE. Similarly, for ft. (2) Next we check that a and 

fl both extend according to (A)-(B) in Proposition 1.2, i.e. according to 

w3 ~> v~v2 = (w3 t> v3((w3 <~ vx) t> v2), w2w3 <1 Vl = (w2 <~ (w3 t> v~))(w3 <~ v0. 

Thus using the QYBE and the relations for A(R) °v, 

W 3 ~ Vlv2RI2 = (W 3 ~ Vl)((W3 ~] Vl) D > v2)R12 ~-~ R~lvlRla(RfilwsRl3 ~> v2)RI2 

---- RG IvlR13(R fi lw 3 ~> v2)Rl3Rl2 = RG lvlR ~ Iv2R23RI3R12 

= RG IRG lvtv2R12RIaR2s = RG IRG IR12v2vlRl~R23 

= Rt2R~IR~v2vIRl~23 = w3 ~> R12v2vl 

as required. Hence also for any finite product v2. • • v:4, 

WI ~> V2" " " VN = (WI [> V2" " " VN-I)(WI <~/)2" ' " VN- 1) [> VN 

is well-defined by induction on N and by part (1) for fl an action. Similarly, fl 

extends to an action on A (R) °p. (3) These actions are in fact module coalgebra 

structures, 

(Aw2) <1 (Vl @ Vl) = (W2 @ W2) <~ (Vl @ Vt) -~ RI2 1w2R12 @R~2 lw2R12 = A(w2 <~ v0. 

(4) Finally, condition (C) is satisfied: the left hand side is w2 <1 v~ ~ w2 ~> Vl = 

R~tw2Ri2~R~vtRt2=R~tw2~v~R~2 while the right hand side is 
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"~(W 2 D V I @ W2 <] Vl) ---- T(R~21VlRI2@Rfilw2RI2) = "~(Rt21Vl @ w2RI2) w h e r e  r is 

the twist map on A (R)°P @A (R)°P. Similarly, one may check that (C) holds for 
higher products of generators. (4) Hence we have a matched pair. Computing 
the associated double cross product we find 

(w2 @ 1)(1 ~) Vl) = z(w2 D vl @ v~ ,~ w2) (c) w2 <~ vl @ w2 t> vl 

= Rfi I(W 2 @ vl)R12 = R~ 1(1 ® vl)(w2 ® 1)RI2. 

Writing l + = (w ® 1), l -  = (I ®v) we have that A(R)  °p •A(R) °p is generated 

by t +, 1- with the relations given for U(R) in Section 2. Also, A(w ® 1)=  

(w ® 1)@(w ® 1) etc. so that the coalgebra structure is also as for t)(R). 

PROPOSITION 3.3. Let R be an invertible solution o f  the QYBE and A(R),  
U(R ) as above. ( (](R ), A (R )°P) is a matched pair. I f  the weak antipodes descend 
(e.g., i f  R is regular) then ((J(R ), .4(R) °p) is a matched pair. The actions are 

al~(vl) = R- l v IR ,  arc(v2) = Rv~R -1, 

fl~,(l~-) = R - ' l i a R ,  fl~(l;-) = R I ; - R  -1 

PROOF. This is an example of Theorem 1.7 (i.e. an infinite dimensional 

analog of the quantum double construction). The necessary weak antipodes 

were found in Proposition 2.2. Applying the construction one finds the actions 

a, fl as stated. We note that given these expressions, the required relations to 
construct (U(R), A (R)°P) can also be verified directly in a manner similar to 
that of  Theorem 3.2. The new part is to check consistency with the mixed l ÷, 
l -  relations. The resulting double cross product O(R)pI~,~A(R) °p has three 
matrices of generators, say l ±, v. These have the relations of U(R) and A (R)°P 
and l~vl = Rl±2-1Vll~Rl~ where R + = R, R -  = r(R -1). 

In a different line of development, it is easy to see that the construction of 
Theorem 3.2 can be iterated. Thus 

PROPOSITION 3.4. Let A(m)(R) =A(m-I)(R) [~A(R) where A(O(R) = A ( R )  

and (A (" -°(R),  A ( R ) ) are matched as follows. Explicitly, A (" - ° (R)  has m - 1 
matrix generators (u(i)}F'=S ~ and the actions are 

au(i),(u2)= R- lu2 R,  flu2(U(i)O= R - l u ( i ) l R ,  i = l . . . . .  m - 1 .  

PROOF. By induction: suppose the relations in A (" -I)(R) are Ru(i)l u (J)2 = 

u(j)2u (i)~R for all i < j .  This is then matched with A (R) and the generators of 
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At")(R) are then u(i)=--(u(i)® 1) for i -- 1 . . . . .  m - 1 and u ( m ) ~ ( 1  t~u), 
and have relations of the same form as in A tin- ~)(R). 

The relations in At")(R) can be written in the following suggestive form. 
Write 

t 'R fori  < 0  

R ( i ) =  ,z(R-t)  f o r i > 0  

for i E Z. Then A ~m)(R) is the algebra with m matrix generators and relations 

R(i -j)u(i)~u(j)2 = u(j)eu(i)~R(i - j ) ,  V i , j  = 1 , . . . ,  m. 

The R(i) obey 

R ( i - J)I2R ( i )I3R (j)23 = R (j)23R ( i )13R ( i -J)12 

for all i , j E Z .  This is a discrete version of the parametrized QYBE: the 
parametrized QYBE in physics is this equation for R(2), where 2 ~ C  is a 
parameter (the spectral parameter). It is central to the method of quantum 
inverse scattering (for an introduction see, e.g., [M2]). Associated to each 
solution of it, there is a bialgebra A ({R(2)}) from which integrable quantum 
chains may be constructed. It is defined by generators { u (2)} and relations like 
the discrete form above. This raises the intriguing possibility that physically 
interesting examples of A((R(2)}) could be understood as "continuously 
iterated double cross products" in continuum versions of Proposition 3.4 and 
its variants (for example, using A (R)°P or both A (R) and A (R)°P etc.). Also, in 
the triangular case (i.e. i fR = z(R -~)), one can prove a periodicity theorem to 
the effect that A(4)(R)~ A(I)(I4 ~R) .  Here 14 denotes the matrix in M2(k ) 

M2(k) with all entries 1. 

4. Concluding remarks 

We conclude with a brief outline of a further generalization of bicrosspro- 
ducts, to include cocycles. They arise naturally in the context of a non-Abelian 
version of the extension theory of [Sing]. Briefly, an extension of Hopf algebras 

(HI,/-/2) is a Hopf algebra E and maps/ /2 ~ E £ / / 1 ,  such that E is isomor- 

phic to HI @//2 as a fight He- module and left H r  comodule. Here the module 
and comodule structures on E are induced by pull back along i and pushout 
along p. H1 ®//2 is the trivial extension. In the case of an Abelian pair of Hopf 
algebras (HI, H2) (and in a graded connected context) [Sing] showed that (in 
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our notation) E ~ H1 Pt*3N~txl//2 where a, fl are as for a bicrossproduct, 
xEZ~(HI, / /2)  and gEZ2P(HI, H2 ~H2). Here Z~ and Z p are the usual Hopf 
algebra cocycles coming from the inhomogeneous acyclic bar construction and 
its dual cobar-construction respectively. (g, g) are required to be compatible to 
obtain a Hopf algebra: [Sing] interpreted this as closure in a certain double 
complex, (Z, ¥ ) ~  Z~P(H~, HE). Moreover, the class of E up to an obvious 
equivalence is classified by the class of (Z, ~)EH~P(H~,//2) [Sing]. 

These constructions have the following non-Abelian analog: Hi PI*lN~//2. 
Here X is a "2-cocyde" which, together with an "action" a, forms a right 
cocycle cross product system (as arising in other contexts in the works of 
[BCMD]). Explicitly, a ://2 ~ Hi ~ / / 2  : a ~ h ~-> a <3 h respects the algebra 
structure on  H 2 and obeys (a <3 h) <3 g = )C-l(ho), gt~))(a <1 h(2)g(2)) x(h(3 ), g(3)), 
a <3 1 = a. )~ : Hi ®Hi  ~ H 2  obeys the "2-cocycle" condition 

z(ht~)g(i), f(I))(z(h(2), 8(2)) <3 f(2)) = x ( h ,  g(l)f(l)))(.(g(2), f(2)), 

X(1, h) =x (h ,  1)= le(k). 

In this case there is a cocycle cross product algebra structure 

(h ~ a)(g ~ b) = htl)g(l)~ g(h(2), gtE))(a <3 gt3))b. 

Similarly ~ : H~ ~ / / 2  ~ / / 2  and fl : Hi -~ HE ~ H~ obey dual conditions to form 
a left cross coproduct system leading to a cocycle cross coproduct coalgebra. 
These two systems obey compatibility conditions (A), (B), (C) analogous to 
those in Proposition I. l, 

e(a <3 h) = e(a)e(h ), 
(A) 

¥(ho))(Aa <3 h(2))~//-1(h(3)) = (ao) <3 ho))h(2) (|) ~ a(2)<3 h(2) (2) 

f l ( l )=  1 ~ 1 ,  
(B) 

0~ -I(h(l), go)) ® 1 )fl(h(2)g(2))(X(h(3), g(3)) (~ 1 ) = (h (i) <3 go)) g(~)(*)® h (~)g(~)(~) 

h(~)(i)(a <3 h(2))(~ h(i) (~) = (a <3 h(x))h(2) (~) ® k(2) (~) (C) 

In addition (~, ~,) now obey a compatibility condition 

91( ho)go))( Az( h(2), g(2)))~-I(g(3)) 
(D) 

= z(ho~ g(l))h(2) ti) <3 g(2)gt3)ti)(~(ho>) tl) <3 g~4)go> (i) ¢~ z(h(2~ 2), gc3)(~)(~ff(h~3)) (2) <3 go~ 2)) 
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(along with subsidiary conditions 

e(z(h, g)) = e(h)e(g), ~(1) = 1 ~ 1, x(ho), Sht2)) = x(Sho~, ht2)) = le(h), 

(S~,(h )tl))~v(h ) ~2) = ~(h )ll)Sq/(h ) ~z) = le(h)). 

The resulting cocycle bicrossproduct Hi Pt~'lN~tx ] H2 is an extension HE 
HI Pt~'JNa~I//2 ~ H1. Motivated by the extension theory of [Sing] we should 
therefore think of  the conditions (D) etc. as a "non-Abelian 3-cocycle" 
condition, (Y, ~v)E Z~(H~, H2), and the equivalence classes of  the correspond- 
ing extensions as defining a "non-Abelian cohomology" H~P(H~, 112). 

We note that the equations (A)-(D) simplify somewhat in the case that X, ~' 
are central in their respective convolution algebras. (A)-(C) become the same 
as for a bicrossproduct H1 PN~ H2 with the result that H~ ~I~'IN~ 1 H2 can be 
viewed as a central extension of H1 p N, H2 by (Z, ~v). There is an analogous 
cocycle construction for double cross products. Clearly then, to find non-trivial 
examples of such cocycles and to understand them in terms of  non-Abelian 
cohomology are two interesting directions for further work. 
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