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ABSTRACT
We construct examples of bicrossproducts and double cross products of
quantum groups A(R) associated to general matrix solutions R of the Quan-
tum Yang-Baxter Equations. We also describe iterated double cross products
of quantum groups. In the course of constructing 4 (R) we are led to introduce
a suitable notion of mutually dual Hopf algebras and a dual quantum group
U(R).

Introduction

Hopf algebra bicrossproducts H, M H, for general Hopf algebras H,, H,
were introduced in [M1, Section 3.1] in connection with the author’s approach
to quantum mechanics combined with gravity [M]. The case when H, is
cocommutative and H, is commutative was also introduced previously
and independently in [Sing] in connection with a general theory of exten-
sions. In this case a pair of Hopf algebras (H,, H,) is called Abelian [Sing].
This Abelian case was also used by [Tak] to show that certain Hopf algebras
of Taft and Wilson were of this bicrossproduct (or “bismashproduct”) form.
In the present paper we give further examples of the non-Abelian theory of
[M1], as well as examples of related double cross products. The theory is
recalled in Section 1. A technical notion of weak Hopf algebras with weak
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antipodes is also introduced in Section 1 and is based on a notion of dually
paired Hopf algebras. These constructions provide the abstract setting for our
examples.

Section 2 constructs the class of Hopf algebras or weak Hopf algebras H,, H,
which will form the basis of our examples. They are motivated by con-
structions in physics coming under the heading quantum groups [Dri],
[FRT], [M2]. In this literature there is a well-known construction of bialgebras
A(R) from matrices R obeying a certain matrix equation, the Quantum
Yang-Baxter Equation (QYBE) [FRT]. We use the results of Section 1 to
obtain instead actual Hopf algebras or weak Hopf algebras A(R). The con-
struction works for general sufficiently regular R. We illustrate the con-
struction on a non-trivial example: The tensor algebra on matrices, TM, (k),
is a self-dual weak Hopf algebra of this type. Unlike the quantum groups in
the literature, this example is not associated to quantizations of Lie groups or
Lie algebras.

In Section 3 we are finally able to construct examples of bicrossproducts and
double cross products based on the weak Hopf algebras of Section 2. The
double cross products focus on examples motivated by a finite dimensional
construction of Drinfeld arising again from physics, the quantum double [Dri].
They take a very simple form in terms of “matrix multiplication™, fully
justifying the use of the terms quantum matrices for A(R) and quantum
(matrix) groups for A(R). We also construct an iterated sequence of double
cross products that are not of quantum double type. This sequence makes an
unexpected connection with the parametrized Quantum Yang-Baxter Equa-
tion.

In the concluding remarks we show briefly how to include “cocycles” (x, ¥)
in the non-Abelian bicrossproduct theory. They can be interpreted as elements
of some kind of “non-Abelian cohomology” H*(H,, H,) as a non-Abelian
version of [Sing]. The search for examples of these cocycle bicrossproducts is
therefore an interesting direction for further work.

For coproducts A, right actions and left coactions we shall frequently
adopt the notations A(h)=h,®hy, a®hs> a<lh, h—> hPQr? etc.
Summations here are left understood. H® denotes H with the opposite
algebra structure, while H°™ denotes H with the opposite coalgebra struc-
ture. “Hopf algebra” means with antipode. Also, elements of H, will be
denoted by &, g, f, ... and elements of H, by a, b,c, ... . Thus &(#) means
ey (h) etc. k denotes an arbitrary commutative ground field. M, (k) denotes
n X n matrices with values in k. If u is a matrix, %/ denotes the entry at
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row I, column j. 7 denotes the twist map on various spaces and id the linear
identity.

1. General constructions

Let H, and H, be Hopf algebras over k. We briefly recall the construction of
bicrossproducts and double cross products from [M1, Section 3]. After this we
give some new constructions needed in the paper.

ProposITION 1.1 [M1, Theorem 3.3). Let H, be a right H-module algebra
by a, H, a left H-comodule coalgebra by B obeying the compatibility conditions

e(a<h)=e(@e(h), Aa<h)=(ag<hp)haP®ay Ahy? (A)
B =1®1, B(hg)= (" Qgy)gx"®hPgn®  (B)
hoy (@ <Qh) @ by = (@ hahpP®hp® ()

forall h, g EH,, a €EH,. Then the linear space H, @ H, endowed with the smash
product algebra by o and the smash coproduct coalgebra by B is a Hopf algebra.
Itisdenoted H, #X,, H,, the bicrossproduct (or “bismashproduct”) Hopf algebra.

In our notation, the lowered o denotes an action while the raised f denotes a
coaction. If H,, H, are merely bialgebras the bicrossproduct makes sense as a
bialgebra. Bicrossproducts are characterized abstractly in [M1] in terms of the
universal properties of smash products and smash coproducts. They are also
extensions of (H,, H,) in the sense of [Sing]. The bicrossproduct data
(H,, H,, a, B) can also be used to construct a Hopf algebra structure on the
convolution algebra Hom(H,, H,). In the finite dimensional case, this can be
expressed as a construction on H¥* @ H,. We denote its dual Hopf algebra by
H, pX,. H¥ where o*, f* are now actions obtained by suitably dualizing «,
[M1, Proposition 3.13]. This is an example of a double cross product:

ProPOSITION 1.2 [M1, Section 3.2]. Let H,, H, be Hopf algebras over k. Let
o be a left H-module coalgebra structure on H,, and B a right H,-module
coalgebra structure on H, such that

hD 1g,=eg(h)ly, hD(ab)=(hyD an)hy<ap)>b) (A)
lg, da =1lgen(a), (hg)da=(h<(gyD a8y dap) (B)
hay Qan @ hgy > agy = hg 1ag @ hyy > agy,  (0)
forallh,g€H,, a,b€EH,. Herea,(a) = h>aandB,(h) = h < adenote the left
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and right module coalgebra structures. Then the linear space H, @ H, has a
Hopf algebra structure denoted H, yX, H,, the double cross product.

Explicitly, the Hopf algebra structure is
(hQa)Xeg®b)=(hydby)g®ahy,> by), 1=181,
Ah®a)=h;,Qan®hy,Qay, eh®a)=ce(h)e(a),
Sh®a)=(Sh® 1)1 Sa).

We also say that (H,, H,, a, ) obeying these equations (A)-(C) of Proposition
1.2 constitute a matched pair. If H,, H, are merely bialgebras, then so is
H, ;X, H,. The double cross product has a characteristic factorization property
[M1]. In particular it contains both H,, H, as subhopf algebras, and the map
H,®H,—H, X, H,:a®h> ah is bijective.

If H is any (not necessarily finite dimensional) Hopf algebra with bijective
antipode, we showed in [M1, Section 4] how to construct a bicrossproduct
H* M, H®. Here o= ad,, f = co, are respectively the adjoint action and
adjoint coaction induced by the linear identity map 1 : H — H?, According to
the above remarks, if H is finite dimensional we also have a related double
cross product H, M, o H*°*. Here H**™ is the dual Hopf algebra with opposite
coproduct. We identified this in [M1, Section 4] as D(H), the quantum double
Hopf algebra of Drinfeld. This quantum double D(H) is an important example
arising in mathematical physics [Dri] but so far is limited to H finite
dimensional. This completes the review of [M1].

The remainder of this section consists of new results that will be needed for
the examples of the paper. The results include a novel notion of dual bialgebras
or Hopf algebras in the form of dual pairings (needed in Section 2), and an
application of this to construct infinite dimensional double cross products
analogous to D(H) (needed in Section 3).

DEerFINITION 1.3. Two bialgebras or Hopf algebras H,, H, are said to be
dually paired if there is a bilinear map ( , ) : H, ® H,— k such that

(hg,a)=(h®g,Aa), (l,a)=¢(a), (Ah,a®b)=(h,ab), (h,1)=¢(h)

and in the Hopf case (Sh, a) = (h, Sa) for all h, g€ H,, a, bE H,. They are
said to be mutually dual if the pairing is non-degenerate. This means that
(h,a) =0 for all a €EH, implies # =0, and (&, a) =0 for all # € H, implies
a=0.



Vol. 72, 1990 CROSS PRODUCT HOPF ALGEBRAS 137

ProrosiTION 1.4. Let H,, H, be dually paired bialgebras (or Hopf al-
gebras). Let

K ={hE€H,|(h,a)=0VaEH,}, K,={a€EH,|(h,a)=0VhEH,)

(the kernels of the pairing). Then K|, K, are bi-ideals and H,/K, and H,/K, are
mutually dual bialgebras (or Hopf algebras).

Proor. The proof is elementary and is omitted.

Note that if H;, H, are mutually dual, the maps 7+ (4, Yandam— ( ,a)
each define canonical algebra inclusions H, C H¥ and H, C H¥. In the finite
dimensional case this implies that H, = H¥. So the notion of mutually dual
Hopf algebras is a generalization of finite dimensional duality.

DeriniTION 1.5. Dually paired bialgebras H,, H, are said to possess weak

antipodes if the canonical maps H, o H¥ and H, I HF¥ defined by the
pairing are invertible in the convolution algebras Hom(H,, H¥) and
Hom(H,, H¥) respectively. These inverses, the weak antipodes, will be
denoted by Sy, Sy, (or simply §).

LemMaA 1.6. Let H,, H, be dually paired bialgebras. (i) If one of the weak
antipodes exists then by dualizing, so does the other and is necessarily com-
patible in the sense (Sh)(a)=(Sa)(h) for all h€H,, a€H,. (ii) If weak
antipodes exist, they obey

S(hg) = (Sg)Sh), S1 =1, (Sh)(ab) = (Shp)a)Shu)(b), (Sh)(1)= (h, 1)

Jor all h,g €EH,, a, b € H,, and similarly for the weak antipode on H,. (iii) If
H,, H, are mutually dual with weak antipodes, H, has an ordinary antipode
iff S(H,) is contained in the image of H, C H¥, in which case (Sh)a) =

(Sh,a). Similarly for H,. For example, in the finite dimensional case,
mutually dual bialgebras with weak antipodes are just ordinary dual Hopf
algebras H, = H¥.

ProOOF. (i) If Sy, : Hy— H# is a weak antipode for H,, then define Sy, to be
S# precomposed with the canonical inclusion H, C H¥*. (ii) The proof is
similar to the usual proofs for an ordinary antipode [Swe]. Use associativity in
the convolution algebra Hom(H,, H}¥ ® H}) etc. (iii) is elementary. These
observations justify the term “weak antipode”.

Dually paired bialgebras with weak antipodes are therefore called weak Hopf
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algebras. In this context we are now able to state the generalized quantum
double construction,

THEOREM 1.7. Let H,, H, be dually paired bialgebras with weak antipodes .
Then (H,, HS®) is a matched pair. The actions are

ay(1(a)) =1 (a(z))((SH,a(1))]112(‘1(3)))(}1 ) ﬂz(a)(h) = h(z)((SH,h(1))jH,(h(3)))(a )

VYhE€H, a€H, Herei: H,—~ H$® is the linear identity. We call a matched pair
of this form a matched pair of coadjoint type, and H, g, H5® the associated
double. Explicitly, the structure of the double is

(h®i(a) g Qi(b)) = (Sh(l))(b(l))h(Z)g Qi(a )1(b(2))<h(3), b(3)>,
h,g€H,,a,bEH,.

If the weak antipodes descend to the quotients, we also obtain a double
H, /K, X (Hy/K,).

Proor. This follows from direct computation using Lemma 1.6 to check
that the stated a, § are indeed module coalgebra structures and that axioms
(A)-(C) in Proposition 1.2 hold. Note also that in the finite dimensional case
H,=H, H,= H*, the double is HyX, H*?=H .M, H**=D(H), the
quantum double. The first isomorphism here is given by the antipode on H
viewed as a linear map S : H*°P°— H*°P,

2. Construction of 4(R)

In this and the next section, the following notations will be useful. If
ReM,(k)QM,(k), we let R, denote R embedded in M,(k)QM,(k)---
@M, (k) in the a, b position and 1 elsewhere. If 4 is an algebra, M,(4) =
M, (k)@ A denotes n X n matrices with entries in 4. If u, vEM,(A4), wE
M, (A4) s the usual product (1.e. matrix multiplication and multiplication in 4).
We shall need to work with tensor products separately in 4 and M, (k). We use
® to denote tensor product in 4, and ® for tensor product in M, (k). Thus
UQRQvEM,(AQA) (matrix multiplication in M, (k) and tensor product in 4),
while u®vE M, (4)QM,(4) = M, (k)@ M, (k) DA (tensor product in M, (k),
multiplication in A4). Finally, we denote N-fold ® powers of M, (4) as MY (A).
We denote the various embeddings M,(4) — MY (A) by u->uy,=
1Q1---Qu---®1 (uin the a’th position). Thus u,u, = WO (18u) = u®u.
This is generally not the same as u,u; = (1®u)(u®1) unless 4 is commutative.
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The notation is motivated from mathematical physics and constitutes a useful
“quantum matrix algebra”.
The Quantum Yang-Baxter Equation (QYBE) for R € M? (k) is the matrix
equation
R2R 3R = RysR 3Ry, (QYBE)

in M2(k). R is called invertible if it is invertible as a matrix. We shall also
require a further regularity condition below. In this section, we associate to
each invertible regular solution R of the QYBE a pair of Hopf algebras A(R)
and U(R). The first step of the construction, to obtain a bialgebra A(R), is well
known; see [FRT] where also the relations that we use in U(R) below were
identified in their study of the dual of A(R). The rest of the general construc-
tion is new but recovers well known “quantum groups” such as SL,(2) and
U,(sl,) for particular choice of R; cf. [FRT]. Previously, the additional
relations (such as “quantum determinants”) needed to obtain Hopf algebras
from A(R) were known only for these particular choices of R, being introduced
in an ad-hoc manner.

The bialgebra 4(R) is defined as the free non-commutative algebra over k
generated by 1 and »n? indeterminates ¥ € M,(4(R)) modulo the relations

Ruyuy, = u,u\R.

Here and throughout the paper we regard these n? generators together as a
matrix of generators. In this notation, 4 (R) becomes a bialgebra with

Au=uQu, eu=1eM,k),

extended as algebra maps to A(R). A(R) is called the bialgebra of quantum
matrices associated to R. Note that ¥ ® u involves matrix multiplication so
that for n > 1 the bialgebra is generally both non-commutative and non-
cocommutative.

Motivated by [FRT], we also define a bialgebra U(R) as the algebra
generated by 1 and 2n? indeterminates /*, /= € M,(U(R)) modulo relations

[FLPR =R, ITLR=RITIT, ITLPR =R
It is also a bialgebra with
Al*=1T®I*, AI"=I1"QI, e*=1.

We shall see in Section 3 that (7(R) is in fact a double cross product of two
copies of A(R),
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PROPOSITION 2.1. Let R be an invertible solution of the QYBE. The
bialgebras A(R) and U(R) are dually paired by

<u]’ 12+)=R, (ula 12—>=T(R—l)

(cf. [FRT]). Here t denotes the twist map on M?*(k). Consequently from
Proposition 1.4 we have mutually dual bialgebras

AR)=AR)K,, UR)=UR)K,.
We call A(R) the quantum matrix group associated to R and U(R) its dual.

ProoOF. It can easily be checked that the pairing is well defined when
extended as an algebra map in each input and in such a way that the pairing
holds. Thus, for example,

Ryp(ugtty, I3y = Ryp(uy @ up, Al ) = Ry (uy Quy, I QL) = Ri,R 3Ry

while (4,1, I;7 YR, = (1, Q uy, I3 @ I3 )Ry, = Ry3R 3R ). This observation was
effectively first made in [FRT] who identified the relations that we have used in
U(R) as among the relations satisfied in a dual of 4(R). The proposition then
follows as a corollary of Proposition 1.4.

PROPOSITION 2.2. Let R be an invertible solution of the QYBE. A(R),
U(R) constructed above, possess weak antipodes. They are defined by

(Su)(l) = (SHwm) =R~ (Su)(ly) = (S ) ) = T(R).

If these weak antipodes descend to ordinary antipodes on A(R), U(R), we say
that R is regular.

Proor. Here the S shown are extended as antialgebra maps to all of A(R)
and U(R). It is easy to check, as for Proposition 2.1, that extension as algebra
maps is well defined. Let j: A(R)— U(R)* be the canonical map. Then,

JUXSu)UT I I3y = () @ Su AL - - -1
= (up, I L YSu)GEL 1Y)
=R,R; - *RiwRA -+ R = Ly = ()L, 5L - - [ ).

Similarly for the other facts. Note that what is required of the antipode on
A(R)isuSu = (Su)u = 1 € M,(A(R)). Thus Su is precisely the inverse, u ~', for
the product in M,(4(R)). Formally, A(R) (and hence A(R)) have such an
inverse, given by the formal power-series Su = =5 _¢ (1 — u)™ (cf. the formal
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inverse in M,(k)). By contrast, the weak antipode on A(R) and its projection
on A(R) corresponds to an explicit formula for the inverse (cf. the formula for
inversion of 2 X 2 matrices of unit determinant). The weak antipode on U(R)
is similar.

Also, it can be shown by similar computations that U(R) is essentially
quasitriangular in the sense of [Dri). Indeed, this notion can be made precise in
the context of dually paired bialgebras H,, H, as the existence of an antialgebra
and coalgebra map < :H,— H,, invertible in the convolution algebra
Hom(H,, H,) and such that Aja= Z *Aax R for all a€H, Here
Aja,Ma:H—H, are defined by (Aa)(h)=(auy, h)ay and (Aa)h)=
agy{apy, h). In the finite dimensional mutually dual case this is equivalent to
H, quasitriangular. For the above example the required map 2 : 4(R)— U(R)
is R(u) = [*. For sufficiently nice R this descends to the quotients A(R) and
U(R) (so in this context we say that R is regular if the weak antipodes and #
descend). An application of these results to physics is in [M2].

ExAMPLE 2.3 (R=1Q®1). If R is the identity in M2(k), then A(R)=
k(M,(k)), the commutative algebra of polynomials in »? variables, and
A(R) = k. Likewise U(R) = k. This R is regular.

EXAMPLE 2.4 (R=1). If n>1 and R =1, the twist map k" @k" —
k*®@k", then A(R) = A(R) = TM,(k), the free algebra generated by 1 and n?
indeterminates ¥ with no relations. We learn from the above that this is a
bialgebra with Au = u ® u and, moreover, has a weak antipode. U(R)=
TM,(k) also (and is quasitriangular). Let A(R) and U(R) be graded by the
degree in the generators. Then the weak antipode on A(R) is defined by

(Su)a)=(u",a)

for all a € U(R) homogeneous of degree N. Similarly for the weak antipode on
U(R).

PrROOF. 7 implements the twist map on M2(k), so tu,u,7 ~' = w,u,. Hence
the relations in A(R) in this example are empty. As a matrix in M2(k), 7 is
symmetric under the twist on M?2(k). Hence /* — [/~ €K,. Let UR)=
U’(R)/{l *—1~}. Then both A(R) and U(R) are the free algebra on n?
generators, u = {u/}?;, and / = {If}},., respectively. We have to show that
the pairing between A(R) and U(R) is now non-degenerate. Explicitly writing
the matrix entries, the pairing is
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i i k
(ujll u.izz' ot JM » 111 llz * ll~N>

Spte OO, - OGN G N M <N
= {8 OnE B, M=N
O . Gy gh ShLL.gh M>N

IN+1 )l

where ¢ is the identity matrix. Using this, it is easy to see that for any given N
the elements

e(N)t, 1N lxhl ° lxI;Nl:c lst lfe{kl’ kl" * 0y kN}

(choose any such k; for given i’, j’) have zero pairing with all # EA(R) of degree
< Nand

vy = S, gingi, L L g
(Ut -, ey ) =07+ - OBl + Ol

on the subspace of A(R) homogeneous of degree N. Now suppose ¢ €K, has
finite top degree, say ¢ = cy + cy_ + - « - + ¢;(with ¢; homogeneous of degree
i). By choosing the vectors ey,, which pair only with cy, we conclude
(cn, ewy) = 0. But ey, are a basis for the dual space of the subspace of elements
homogeneous degree N. Hence cy = 0. Hence by induction there are no non-
zero elements of finite top degree. Similarly K, is trivial and U (R) =U (R) The
definition of S in Proposition 2.2 is (Su})(l,'lc l,N”) = S,N ki k,,v .- This
coincides with (u", l,’f‘- . -l,'f,”). It is also easy to compute s1m11arly that
(u¥*1 a) = (1, a) for all a€ U(R) homogeneous of degree N, so that Su
should indeed be thought of weakly as ¥ ~! under matrix multiplication.

Between these extremes there are many solutions R of the QYBE. Many of
these, see e.g. [Resh], involve a parameter g € k*, and are regular. Moreover,
the corresponding antipode is bijective. For example,

g 0 0 0
_ 01 g—gq' 0
— =12 — Af2
R=q 0 0 1 0 € My(My(k)) = M3(k)
00 0 q

(we suppose ¢ has a square root in k) leads to the Hopf algebra SL,(2) with
antipode explicitly given by

2 1
U3 — qu;
Su:( -1,,2 1 )’
—q Y Uy
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which is bijective. For these R, as ¢ — 1 the associated Hopf algebras reduce to
the commutative Hopf algebras generated by matrix elements of the defining
representations of matrix groups. Hence the name “g¢-analog matrix group” or
“quantum matrix group” for A(R).

3. Bicrossproducts and double cross products 4(R) and 4(R)

In the preceding section we have obtained infinite dimensional Hopf
algebras or weak Hopf algebras associated to sufficiently regular solutions R of
the Quantum Yang-Baxter Equations. Since these are generally non-commu-
tative and non-cocommutative they provide non-trivial examples of the class
of bicrossproducts of the form H*: M, H*® described in Section 1:

PROPOSITION 3.1. Let R be a regular invertible solution of the QYBE so that
A(R) is a Hopf algebra. We suppose that the antipode S is bijective. Let A(R)%
denote A(R) with the opposite algebra. We denote its generators vE M, (A(R)*)
and the linear identity map A(R)— A(R)® by 1. Then

a, (1)) = 1(Ux)v11(S ~'uy), Bu) = 1(ug)1(S ~'ug) @ uy

define a non-Abelian bicrossproduct A(R)? X, A(R)®. Here a, B are ad,, co,
induced by 1 and uy, @ U Q@ uay=u@u u.

Proor. Explicit formulae for ad,, co, are given for arbitrary H with
bijective antipode in [M1]. The above are then immediate for H = A(R).
Explicitly in terms of the matrix entries, « S are a,,;(v," )=
Zn WS Uy and B(u)) = 2,5, 1L (S T UM) @ Ui,

This example demonstrates the beginnings of a “non-commutative algebra-
valued” or “quantum” matrix calculus. The action « is like the adjoint action
of invertible matrices, but intrinsically “non-commutative” in that it is trivial
if A(R) is commutative. The following related double crossproducts develop
this similarity with matrix multiplication much further.

In the remainder of this section we are going to give examples of infinite
dimensional double crossproducts involving 4(R) and A(R), with the finite
dimensional quantum double as a model. Firstly however, we find that U(R),
introduced in Section 2, is a double cross product.

THEOREM 3.2. Let R be an invertible solution of the QYBE and A(R) the
associated bialgebra of Section 2. Then (A(R), A(R)) are a matched pair of
bialgebras and A(R)sM, A(R) = U(R)®™. Likewise, (A(R)®, A(R)*®) are a
matched pair and A(R)*® sM, A(R)* = U(R). Explicitly, let w and v denote the
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matrix generators of the respective copies of A(R)®. Then the actions for this
case are
aw;(vl) = R —lle: ﬂv.(WZ) = R - IWZR

extended as a matched pair.

ProofF. The cases of A(R) and A(R)® are strictly analogous (as
AR)Y®=A(R Y =A(t(R))). We give the proof explicitly for the latter.
A(R)® is the free algebra on n? generators, say w with relations w,w,R =
Rw,w,. We must check that o, § respect such relations. (1) First we check that
extends as an action of A(R)P,

WaWs Ry D vy = wy D> R53'0 R 3Ry = R3'R3'0 R ;R 3Ry
=Rj3'R;'0RuR 3R, = R3'R;'Ryvi R 3R,
= RyR3'R3'WiR 3R,
= Ryyw3 D> R3'0Ry; = Ryywsw, D 1

as required. We used the QYBE. Similarly, for 8. (2) Next we check that « and
B both extend according to (A)~(B) in Proposition 1.2, i.e. according to

wiD v, =W D o) (ws o) D vy),  wowy oy = (W, < (w3 D v))(ws <),
Thus using the QYBE and the relations for A(R),
w; D 1R, = (W3 D p)((w; Q) D )Ry, = R0 R 3(R5'WsR 3 D 15)R),

= R3'"0Ri3(R3'W3 D 1))R ;3R = R3'0R5 'R R 3R
= R3'R5'vi,R 3R 3Ry = Ri3'R53'Ry,v0 R 3Ry,
= RpR5'Ri3 v R 3Ry = w3 D Rty

as required. Hence also for any finite product v, - - - vy,

wiD vy roy =W D vy ruy_ )W vy s o) Doy

is well-defined by induction on N and by part (1) for # an action. Similarly, §
extends to an action on A(R)®. (3) These actions are in fact module coalgebra
structures,

Aw) A Qv = M ®w) (v ®y) = Ri3'WoR ;@R 'WaR ), = A(w, d vy).

(4) Finally, condition (C) is satisfied: the left hand side is w, <, @ w, D> v, =
R:'WR,L,®RG MR, =R;53'w,®uR;, while the right hand side is
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(W, D 1, @ w, 1vy) = T(R3'vR, @ Riz'WyR ) = (R 'v, @ w,R,,) where T is
the twist map on 4(R)? ® A(R). Similarly, one may check that (C) holds for
higher products of generators. (4) Hence we have a matched pair. Computing
the associated double cross product we find

(W@ D1 Q) =1(W, > 1, Qv Awy) < w, v, @w, D> 1y
=R;' W, Q)R =R (1 Qu)(w, @ )Ry,

Writing /* =(w® 1), [~ = (1 ® v) we have that A(R)°° M A(R)* is generated
by [*, I~ with the relations given for U(R) in Section 2. Also, A(w®1) =
(w®1)®(w ®1) etc. so that the coalgebra structure is also as for U(R).

ProposITION 3.3. Let R be an invertible solution of the QYBE and A(R),
U(R) as above. (U(R), A(R)®™) is a matched pair. If the weak antipodes descend
(e.g., if R is regular) then (U(R), A(R)®) is a matched pair. The actions are

o) =R™'WR,  a{(v)=Ruv,R7,
B.(;')=R™'I;R, B(7)=RITR™!

ProoF. This is an example of Theorem 1.7 (i.e. an infinite dimensional
analog of the quantum double construction). The necessary weak antipodes
were found in Proposition 2.2. Applying the construction one finds the actions
a, B as stated. We note that given these expressions, the required relations to
construct (U(R), A(R)®) can also be verified directly in a manner similar to
that of Theorem 3.2. The new part is to check consistency with the mixed /™,
[~ relations. The resulting double cross product U(R )M, A(R)*® has three
matrices of generators, say /*, v. These have the relations of U(R) and A(R)*®
and l;fv, =R3 '/ R where R* =R, R~ =1(R™).

In a different line of development, it is easy to see that the construction of
Theorem 3.2 can be iterated. Thus

PROPOSITION 3.4. Let A™(R)=A""YR)MA(R) where AP(R)=A(R)
and (A™~Y(R), A(R)) are matched as follows. Explicitly, A ~"YR) has m — 1
matrix generators {u(i)}. ;' and the actions are

oy (Us) =R"'u,R, Buu(i)y) =R @R, i=1,...,m—1.

ProoF. By induction: suppose the relations in 4™ ~R) are Ru(i),u(j), =
u(j)u(i)R for all i =j. This is then matched with 4(R) and the generators of
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A™Y(R) are then u(i)=u@)@ ) fori=1,...,m —1 and u(m)=(1Qu),
and have relations of the same form as in A~ (R).
The relations in A“(R) can be written in the following suggestive form.

Write
R fori =0
R@)=
(R™Y fori>0
for i €EZ. Then A™(R) is the algebra with m matrix generators and relations

R = puuG=u()uihRE—j), Vi,j=1,...,m.
The R(i) obey

R(i = j)12R()13R ()23 = RU)2R()13R(E = iz

for all {,jE€Z. This is a discrete version of the parametrized QYBE: the
parametrized QYBE in physics is this equation for R(1), where A€EC is a
parameter (the spectral parameter). It is central to the method of quantum
inverse scattering (for an introduction see, e.g., [M2]). Associated to each
solution of it, there is a bialgebra 4A({R(4)}) from which integrable quantum
chains may be constructed. It is defined by generators {#(4)} and relations like
the discrete form above. This raises the intriguing possibility that physically
interesting examples of 4({R(4)}) could be understood as “continuously
iterated double cross products” in continuum versions of Proposition 3.4 and
its variants (for example, using 4 (R) or both A(R) and A(R)? etc.). Also, in
the triangular case (i.e. if R = (R ™')), one can prove a periodicity theorem to
the effect that A9(R) =AY, @ R). Here I, denotes the matrix in My(k)®
My(k) with all entries 1.

4. Concluding remarks

We conclude with a brief outline of a further generalization of bicrosspro-
ducts, to include cocycles. They arise naturally in the context of a non-Abelian
version of the extension theory of [Sing]. Briefly, an extension of Hopf algebras
(H,, H,) is a Hopf algebra E and maps H, = E % H,, such that E is isomor-
phic to H, ® H, as a right H,-module and left H;-comodule. Here the module
and comodule structures on E are induced by pull back along i and pushout
along p. H, ® H, is the trivial extension. In the case of an Abelian pair of Hopf
algebras (H,, H,) (and in a graded connected context) [Sing] showed that (in
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our notation) E = H, #¥I,, H, where «, f are as for a bicrossproduct,
x €ZX(H,, H,) and w € Z%(H,, H,® H,). Here Z, and Z? are the usual Hopf
algebra cocycles coming from the inhomogeneous acyclic bar construction and
its dual cobar-construction respectively. (x, ) are required to be compatible to
obtain a Hopf algebra: {Sing] interpreted this as closure in a certain double
complex, (x, w)E Z¥(H,, H,). Moreover, the class of E up to an obvious
equivalence is classified by the class of (x, w)E H*(H,, H,) [Sing].

These constructions have the following non-Abelian analog: H, #¥I,,, H,.
Here x is a “2-cocycle” which, together with an “action” «, forms a right
cocycle cross product system (as arising in other contexts in the works of
[BCMD)). Explicitly, o: H,Q H,—~H,: a @h > a < h respects the algebra
structure on H, and obeys (a < h) g = 1~ '(hu), guy)a < by 8a) X (ha), 83),
adl=a. y: H ®H,— H, obeys the “2-cocycle” condition

x(hwy&ay St (e 8a) 1S @) = x(h, &ay Jx(&en f):
x(1, k)= x(h, 1) = le(h).
In this case there is a cocycle cross product algebra structure
(h®a)(g ®b) = hy 8@ x(ha), 8x)(a < gx)b.

Similarly v : H,— H,® H, and 8 : H,— H,® H, obey dual conditions to form
a left cross coproduct system leading to a cocycle cross coproduct coalgebra.
These two systems obey compatibility conditions (A), (B), (C) analogous to
those in Proposition 1.1,

gla<ih)=-¢e(ade(h),
(A)

W (hay)(Aa < hoy)y ™ (he) = (ag < ha)he'® @ agy < hp®
pH=1Q1,
(B)
0 '(hay 81y B 1) B(ha 8 (B 83) B 1) = (h" < 8w g(Z)m ® h(2)g(2)(2)
hoa < ha) @ hyy® = (a < hyho P hy®  (O)

In addition (y, ¥) now obey a compatibility condition

w(hay8u)Ax (), 82V ~'(&6)
(D)

=X (h(l)s g(u)h(z)(i) <8 g(s)(i)(*// (h(s))(l) <1 &) g(S)(i) ®x (h(z)(z), g(s)a))(‘// (h(s))(z) < 8(5)(2))
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(along with subsidiary conditions
e(x(h, g) =¢e(h)e(g), w(1) =11, X(h(l)a Sh(z)) = X(Sh(n: h(z)) = le(h),
Sy () Oy ()? = w(h)OSy(h)? = 1e(h)).

The resulting cocycle bicrossproduct H, #¥W,, H, is an extension H,—
H,#¥W,., H,— H,. Motivated by the extension theory of [Sing] we should
therefore think of the conditions (D) etc. as a “non-Abelian 3-cocycle”
condition, (x, )€ Z¥(H,, H,), and the equivalence classes of the correspond-
ing extensions as defining a “non-Abelian cohomology” HX(H,, H,).

We note that the equations (A)—(D) simplify somewhat in the case that y,
are central in their respective convolution algebras. (A)-(C) become the same
as for a bicrossproduct H, /X, H, with the result that H, #¥IX,, H, can be
viewed as a central extension of H, # X, H, by (x, ). There is an analogous
cocycle construction for double cross products. Clearly then, to find non-trivial
examples of such cocycles and to understand them in terms of non-Abelian
cohomology are two interesting directions for further work.
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